
Çàäà÷è îñíîâíîãî òóðà Îëèìïèàäû ïî ìàòåìàòèêå

1. Âû÷èñëèòü èíòåãðàë
π∫
−π
x2 cos2 xdx. (1)

2. Äîêàçàòü, ÷òî äëÿ ëþáûõ ïîëîæèòåëüíûõ a, b, c âûïîëíÿåòñÿ íåðàâåíñòâî

a+ b+ c ≥
√
ab+

√
bc+

√
ac. (2)

3. Äàí åäèíè÷íûé êóá ABCDA1B1C1D1. Òî÷êà E � ñåðåäèíà BB1, òî÷êà F �

ñåðåäèíà C1D1. Íàéòè ðàññòîÿíèå îò âåðøèíû A1 äî ïëîñêîñòè (AEF ). (2)

4. Âû÷èñëèòü ïðåäåë

lim
n→∞

( 1

n+ 1/n
+

1

n+ 2/n
+ · · ·+ 1

n+ n/n

)
. (3)

5. Äàíû äâå íåïðåðûâíî-äèôôåðåíöèðóåìûå ôóíêöèè f(x) è g(x), x ∈ [a, b].

Èçâåñòíî, ÷òî

ln f(x) = g(x) + x ∀x ∈ [a, b]

è ôóíêöèÿ g(x) ïðèíèìàåò âíóòðè îòðåçêà [a, b] ìàêñèìàëüíîå çíà÷åíèå. Äîêàçàòü,

÷òî ñóùåñòâóåò c ∈ (a, b), ÷òî f ′(c) = f(c). (3)

6. Ïóñòü x0 è A � äâà ïðîèçâîëüíî âçÿòûõ ïîëîæèòåëüíûõ ÷èñëà. Äîêàçàòü,

÷òî äëÿ ëþáîãî íàòóðàëüíîãî n ≥ 2 ïîñëåäîâàòåëüíîñòü {xk} ñõîäèòñÿ ê a0 = A1/n

ïðè k →∞. Çäåñü

xk+1 =
1

n

(
(n− 1)xk +

A

xn−1k

)
. (5)
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Îòâåòû è ðåøåíèÿ çàäà÷

1.

π∫
−π

x2cos2xdx =
1

2

π∫
−π

x2(1 + cos(2x))dx =
x3

6

∣∣∣π
−π

+
1

2

π∫
−π

x2 cos(2x)dx =

{èíòåãðèðîâàíèå ïî ÷àñòÿì} =
π3

3
+
π

2
.

2. Ñïðàâåäëèâû íåðàâåíñòâà (
√
a −
√
b)2 ≥ 0, (

√
b −
√
c)2 ≥ 0, (

√
a −
√
c)2 ≥ 0.

Îòêóäà a + b ≥ 2
√
ab, b + c ≥ 2

√
bc, a + c ≥ 2

√
ac. Ñëîæèì ýòè íåðàâåíñòâà è

ïîëó÷èì

2(a+ b+ c) ≥ 2(
√
ab+

√
bc+

√
ac).

3. Ñîâìåñòèì äåêàðòîâó ñèñòåìó êîîðäèíàò Oxyz ñ êóáîì òàê, ÷òîáû âåðøèíû

èìåëè ñëåäóþùèå êîîðäèíàòû: A(0, 0, 0), B(1, 0, 0), C(1, 1, 0), D(0, 1, 0), A1(0, 0, 1),

B1(1, 0, 1), C1(1, 1, 1), D1(0, 1, 1). Òîãäà ò.E(1, 0, 1/2), ò.F (1/2, 1, 1), à óðàâíåíèå

ïëîñêîñòè (AEF ):∣∣∣∣∣∣∣
x y z

1 0 1/2

1/2 1 1

∣∣∣∣∣∣∣ = 0,⇒

∣∣∣∣∣∣∣
x y z

2 0 1

1 2 2

∣∣∣∣∣∣∣ = 0,⇒ −2x− 3y + 4z = 0.

Ïîýòîìó ðàññòîÿíèå îò ò.A1(0, 0, 1) äî ïëîñêîñòè (AEF ):

d =
| − 2 · 0− 3 · 0 + 4 · 1|√

4 + 9 + 16
=

4√
29
.

4. Îöåíèì ñóììó ñíèçó è ñâåðõó:

n

n+ n/n
≤ 1

n+ 1/n
+

1

n+ 2/n
+ · · ·+ 1

n+ n/n
≤ n

n+ 1/n
.

Ïðåäåëû lim
n→∞

n
n+n/n

= 1, lim
n→∞

n
n+1/n

= 1, ïîýòîìó

lim
n→∞

( 1

n+ 1/n
+

1

n+ 2/n
+ · · ·+ 1

n+ n/n

)
= 1.

5. Ñïðàâåäëèâî ðàâåíñòâî:
f ′(x)

f(x)
= g′(x) + 1 ∀x ∈ [a, b]. Ïî óñëîâèþ ôóíêöèÿ

g(x) ïðèíèìàåò âíóòðè [a, b] ìàêñèìàëüíîå çíà÷åíèå, ïîýòîìó ñóùåñòâóåò òî÷êà

c ∈ [a, b] òàêàÿ, ÷òî g′(c) = 0. Òîãäà
f ′(c)

f(c)
= 0 + 1.

6. Ïóñòü k = 1, òîãäà x1 =
1

n

(
(n− 1)x0 +

A

xn−10

)
. Èìååì

x1
x0

=
1

n

(
n− 1 +

A

xn0

)
=

1

n

(
n− 1 +

an0
xn0

)
, (1)
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x1
a0

=
1

n

(
(n− 1)α +

1

αn−1

)
, (2)

ãäå α =
x0
a0
. Ïðîäèôôåðåíöèðóåì ïðàâóþ ÷àñòü (2) ïî α:

f ′(α) =

[
1

n

(
(n− 1)α +

1

αn−1

)]′
=
n− 1

n

(
1− 1

αn

)
.

Âèäèì, ÷òî f(α) =
1

n

(
(n − 1)α +

1

αn−1

)
èìååò ìèíèìóì ïðè α = 1, åñëè α > 0, è

f(1) = 1.

Òîãäà

1) Åñëè x0 = a0, òî x1 = x2 = · · · = xn = · · · = a0, òî åñòü ïîñëåäîâàòåëüíîñòü {xk}
ÿâëÿåòñÿ ñòàöèîíàðíîé è ñõîäèòñÿ ê a0 = A1/n.

2) Åñëè x0 > a0, òî èç (1):
x1
x0

< 1 ⇒ x1 < x0; èç (2):
x1
a0

> 1 ⇒ a0 < x1 (òàê êàê

α > 1 è, ñîîòâåòñòâåííî, f(α) > 1). Òàêèì îáðàçîì, äëÿ x0 > a0

a0 < x1 < x0.

3) Åñëè x0 < a0, òî èç (1):
x1
x0

> 1 ⇒ x0 < x1; èç (2):
x1
a0

> 1 ⇒ a0 < x1 (òàê êàê

0 < α < 1 è, ñîîòâåòñòâåííî, f(α) > 1). Òàêèì îáðàçîì, äëÿ x0 < a0

x0 < a0 < x1.

Â ðåçóëüòàòå, èç 2) è 3) ïî èíäóêöèè ñëåäóåò, ÷òî äëÿ ëþáîãî íàòóðàëüíîãî k

a0 < xk+1 < xk. Òî åñòü ïîñëåäîâàòåëüíîñòü {xk} ìîíîòîííî óáûâàþùàÿ (íà÷èíàÿ

ñ k = 1) è îãðàíè÷åíà ñíèçó. Ïîýòîìó îíà èìååò ïðåäåë b0.

Ïîêàæåì, ÷òî b0 = a0 = A1/n. ×èñëî b0 íå ìîæåò áûòü ìåíüøå a0, òàê êàê ïðè

ýòîì, íà÷èíàÿ ñ íåêîòîðîãî íîìåðà m, äîëæíî áûòü xm < a0. À ýòî íåâîçìîæíî. Â

òî æå âðåìÿ ÷èñëî b0 íå ìîæåò áûòü áîëüøå a0, òàê êàê ïðè ýòîì èç 2) ñëåäîâàëî

áû, ÷òî íàéäåòñÿ ÷ëåí xm′ ïîñëåäîâàòåëüíîñòè {xk} òàêîé, ÷òî a0 < xm′ < b0 =

xm′−1.
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